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Abstract 

We consider Schrodinger operators with a strongly attractive singular in¬ 
teraction supported by a finite curve T of lenghth L in R®. We show that if 
r is C^-smooth and has regular endpoints, the j-ih eigenvalue of such an 
operator has the asymptotic expansion Xj{IIa,r) = ^a + Xj{S) + 0{e^°‘) as 
the coupling parameter a —>■ oo, where and Xj(S) 

is the j'-th eigenvalue of the Schrodinger operator S = — |7^(s) on 

L^{0,L) with Dirichlet condition at the interval endpoints in which 7 is 
the curvature of F. 
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1 Introduction 

Schrodinger operators with singular interactions supported by zero-measure sub¬ 
sets of the configuration space attracted attention of mathematicians already 
several decades ago. One of the reasons was that their spectral analysis can 
be often done explicitly to a degree. The simplest situation the interaction 
support is a discrete set of points has been studied thoroughly, see the mono¬ 
graph [T]. Later singular interactions supported by manifolds of codimension 
one were analyzed [HIS]. From 2001 one witnessed a new wave of interest to 
such operators with attractive interactions. It was motivated by two facts. On 
the one hand such operators appeared to be good models for a number of tiny 
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structures studied in solid state physics, and on the other hand, an intriguing 
connection between spectral properties of such operators and the geometry of 
the interaction support was found in [7]. The most prominent manifestation of 
this connection is the existence of purely geometrically induced bound states 
O H] ; a review of the work done in this area can be found in the paper [6] . 

A question of a particular importance concerns the strong coupling behavior 
of the spectra of such operators. In this asymptotic regime the eigenfunctions 
are strongly localized around the interaction support and one expects an effec¬ 
tive lower-dimensional dynamics to play role. The corresponding asymptotic 
expansion were demonstrated in several situations, for curves in [HITS] and 

[8] as well as for surfaces in R^ [9]. In all those cases, the next to leading 
term was governed by a Schrodinger operator of the dimension of the interaction 
support with an effective, geometrically induced potential. 

The technique used in all those papers was a combination of bracketing esti¬ 
mates with suitable coordinate transformations which allowed one to translate 
the geometry of the problem into coefficients of the comparison operator. It had 
a serious restriction as it required that the manifold supporting the interaction 
has no boundary, being either infinite or a closed curve or surface. Manifolds 
with a boundary have been also considered but only in situations when the lat¬ 
ter is connected with a shrinking ‘hole’ in a surface m or a shrinking hiatus 
in a curve [8]. The methods used in those cases were perturbative and did not 
help to address the problem of strong coupling asymptotics for a fixed manifolds 
with a boundary. 

A way to overcome the difficulties with the boundary was proposed in m- It 
used a bracketing estimate again, this time in the neighborhood of an extended 
curve, together with a suitable integral representation of the eigenfunctions. In 
this way two-dimensional Schrodinger operators with an interaction supported 
an open arc, i.e. a finite non-closed curve in R^, were treated in m- It was 
shown that next-to-leading term is again given by an auxiliary one-dimensional 
Schrodinger operator with the curvature-induced potential, this time with the 
Dirichlet conditions at the endpoints of the interval that parametrizes the curve. 
Our aim in the present paper is to analyze the analogous problem for Schrodinger 
operators with interaction support of codimension two being a finite non-closed 
curve in R^. 

Such an extension is no way trivial, in particular, due to a different and 
more singular character of the interaction. To be specific, we consider a non- 
relativistic spinless particle exposed to a singular interaction supported by a 
finite curve T C R^ with ‘free’ ends. In the following section we shall describe 
how one can construct Hamiltonian of such a system, in brief it will be identified 
with a self-adjoint extension of —A = —A rc“(R3\r)i where the latter denotes 
the restriction of the Laplacian—A : IT^’^(R^) ^ L^(R^) to the set (^^(R^yr). 
The self-adjoint extensions are determined by means of boundary conditions 
imposed at T and classified by a parameter a G R which can be regarded 
coupling constant^. We denote those operators as Ha^r- 

We are going to find the asymptotics of eigenvalues of Ha in the regime of 
strong coupling, a —>■ — oo. As in the other cases mentioned above the expansion 

caution is needed, though, due the particular character of singular interactions with 
support of codimension larger than one. In particular, it is better to avoid formal expressions 
of the type —A — a5(x — F), because the limits a —>■ ±oo for correspond to absence of 

the interaction and the strong attraction asymptotics, respectively. 
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starts with a divergent term. We are interested in the next one, expected to 
be a one-dimensional Schrodinger operator with the same symbol as in the case 
when r is a loop. When the eigenfunctions are strongly localized aroud T one 
may expect their rapid falloff not only transversally but also with the distance 
from the curve ends. This suggests that the effective dynamics should involve 
Dirichlet boundary conditions as in the case of codimension one. We are going 
to show that under mild regularity assumptions it is indeed the case: the jth 
eigenvalue of Ha^ admits the expansion 

= Ca + Aj(5')-I-(!l(e’^“) as a —>■ —oo , 
where Xj{S) stands for the jth eigenvalue of 

with D{S) := Wq^’^(0, L) fl L), where L and 7 are the length of T and 

its signed curvature, respectively, and is given by ( 1 ^ below. 

The result will be stated properly together with the outline of the proof in 
Sec. [21 cf. Theorem ism Before that we collect in the next section the needed 
preliminaries. Secs. 14.21 and 15] are devoted to completion of the proof. 


2 Preliminaries 

2.1 Strongly singular interactions 

As we have mentioned the character of interactions with support of codimension 
two is different and more singular than in the case of codimension one. Let us 
first recall well known facts about point interactions in dimension two which 
illuminate how our curve-supported potential behaves in the transverse plane 
to r. Consider a single point interactions placed at y gM?. The corresponding 
Hamiltonian is constructed as a self-adjoint extension of the symmetric operator 
—A := —A rcg°(R 2 \{y})i i-e- the restriction of —A : to 

the set \ {y}). Functions from the domain of the adjoint of —A admit 

a logarithmic singularity at the point y, in its vicinity they can be written as 
f{x) = —S(/)ln|a: — y\-\- 11(/) + 0{\x — y\). Self-adjoint extensions are then 
characterized by a parameter a G RU { 00 } being characterized by the boundary 
condition 

2™S(/) = L!(/), (2.1) 

which in the case a = 00 is a just shorthand for 2(/) = 0. With the exception 
of this case, each extension has a single negative eigenvalue equal to 

, ( 2 . 2 ) 

where tp is the digamma function. In the following we will use notation / G 
bc(Q!,r) for a a function / S L^(R^) satisfying ( 12 . 11 ) . We refer to [TJ Chap. 1.5] 
for these and other facts concerning two-dimensional point interactions. 
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2.2 Geometry of the potential support and its neighbor¬ 
hood 

Geometry of F. Let F be a finite non-closed C'^ smooth curve in of the 
length L. In addition, we suppose that F has no self-intersections. Without 
loss of generality we may assume that it is parameterized by its arc length, and 
we keep the notation F : / —>• K^, I := (0 ,L), for the corresponding function. 
Furthermore, we assume that the curve has regular ends, i.e. there exists do ^ 0 
such that for any d G [0, do] the curve F admits a regular extension F^’^. By 
this we mean that F^’' is the graph of a smooth function F^’^ : 
with Id := (—d ,L + d) and the restriction of F“ to / coincides with the original 
curve, in other words, F“ = F. Finally, we also assume that the extended curve 
F™ admits the global Frenet frame, i.e. the triple of vectors (t(s), b{s),n{s)) for 
any s G Id- 

Remark 2.1. The tangetial, binormal and normal vectors are, by assumption, 
functions mapping from Id to The assumption about global existence of 
the (unique) Frenet frame is satisfied provided ^r™(s) ^ 0 for all s G Id- Let 
us emphasize, however, that we adopt this hypothesis for simplicity only. Our 
main result requires only piecewise existence of the Frenet frame from which 
a global coordinate transformation we need can be constructed rotating the 
coordinate frame on a fixed angle if necessary. A discussion how this can be 
done curves with straight segment can be found in [5]. 

The extended curve F^’^ is, uniquely up to Euclidean transformations, deter¬ 
mined by its curvature 7 ™ and torsion r“. The same quantities for the original 
curve F are respectively denoted as 7 and r 

‘Thin’ neighborhoods ofV^. Consider a disc of radius d parametrized by polar 
coordinates, Bd ■= {r £ [0 , d), G [0,27r)}. Using it, we define the cylindrical 
set T>^ := Id X Bd and the map (fd ■ 

Ms ,r,(p) = F^’'(s) - r[n{s) cos{ip - /3(s)) -f b{s) sin( 7 ) - ^(s))], 

where the function /3 will be specified latter. For d small enough the function 
(pd is injective and its image determines a tubular neighborhood Ud of F^’^. 

The geometry of ltd can be described in terms of the metric tensor written 
in the matrix form as 

/ h^ + r'^Cf^ 0 \ 

M) = 0 10 , 

y 0 r^ J 

where f := t — /3_s and h := 1 + rjcos{ip — /3); we employ the shorthand /3_s 
for the derivative of /3 with respect to the variable s. Choosing /3_s = r we 
can achieve that the metric tensor becomes diagonal, gij = diag(/i^, 1, r^). This 
means we choose what is usually called a Tang frame, a coordinate system which 
rotates with respect to the Frenet triple with the angular velocity equal to the 
curve torsion. 

The volume element of fid can be expressed in the coordinates q = ( 91 , < 72 , 93 ) = 
(s, r, ip) as dfld = g^^^dq where g := det gij . The following elementary inequality 
will be useful in the further discussion, 

|/i — 1| < dmax 7 . (2-3) 
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Shifted curves. Keeping in mind a latter purpose we define now a family of 
‘shifted’ curves located in the distance p € (0,d] from Using the 

Frenet frame we define as graph of the function 

f “ + linn + r]bb : {-d ,L + d) + |?7bP = P ■ 

Following the above introduced convention we use the symbol r(p) = ro’'(p) for 
the curves shifted with respect to the original F. Although we do not mark it 
explicitly, one has to keep in mind that a shifted curve depends not only on the 
distance p but also on the angular variable encoded in the parameters ? 7 „, ijb- 

Let us also list some notation we are going to use: 

• Let A C be an open set. We use the abbreviation (■, •)^ for the scalar 
product (•, ■)L2(A,dx}- If A = we shortly write (•, •) = (•, •)L2(R3,da:)- 

• We denote by = Id x Bd the tubular neighborhood of the extended curve 
F“, and similarly, Vd = I x Bd corresponds to the original curve F. 

• Given a self-adjoint operator A, we denote by Aj(A) its jth eigenvalue. 


2.3 Definition of Hamiltonian and the Birman-Schwinger 
principle 


Boundary conditions. The definition of the singular Schrodinger operator pre¬ 
sented below is a summary of the discussion provided in [ 8 ] which we include 
the make this article self-contained; we refer to the mentioned paper for more 
details. Suppose given a function / G \ F), its restriction to f(p) is well 

defined as a distribution from D'{0, L) which we denote as / !f(p)- Furthermore, 
we assume that the following limits 


S(/)(s) rf(p) W, 

U(/)(s) := Im / lf(p) (s)+S(/)(s)lnp 


(2.4) 

(2.5) 


exist a.e. in (0 , L). We write / G bc(a, F) if a / G \ F) satisfies 

2™S(/) = n{f). (2.6) 


Equation (12.61) plays the role of generalized boundary conditions, [?]. Then we 
define the set 


U(iJ„.r) := {/ G IUi"i(R3 \ F) n ; / g bc(a,F)} 
and the operator Ha^r ■ D{Ha,r) which acts as 

Ha,rf{x) = -Af{x), xGK^XF. 

This operator is self-adjoint, cf. [51 Thm. 2.3] and defines the Hamiltonian we 
are going to study. 

Free resolvent kernel. We start with the resolvent of the ‘free’ Laplacian, —A : 
PJ/2.2(]^3) j ^2 known that = (—A -|- is for any k > 0 

an integral operator with the kernel 

1 p-K|x-y| 

G(K;x,y) = - —^--. (2.7) 

47 r \x — y\ 
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In the following we also use the notation G{k-, p) = where p > 0. It is 

well known, see for example [2], that the operator R{—k^) admits the embedding 
into To be more precise, consider an w S L?{I) and dehne 

1 r 

/ = /« = = I . _r(g)| • (2.8) 

Then / € (R^ \ T) n and the limit n(/) defines one-parameter family of 

operators R+ B k Q-k^ '■ L^{I) —^ acting as 

Q_,2Uj = nir), u:GL‘^iI), (2.9) 

cf. [To] for more details. 

The Birman-Schwinger principle. The stability of the essential spectrum, 

C^ess (TTa,r) — ^ess ( ^) — [0 , Oo) , 

is a consequence of the fact that the singular potential in our model is supported 
by a compact set. Using the results of m we can formulate conditions for the 
existence of discrete eigenvalues. Specifically, we have, 

A = G crd{Hap) ker(Q _„2 - a) ^ 0 

and the multiplicity of A is equal to dimker((3_„2 — a). Moreover, the corre¬ 
sponding eigenspaces are spanned by the functions 

f = G{k)uj * Sr , w G ker((5_K2 — a). (2-10) 

3 Main result and the proof scheme 

Now we are in position to state the main result of this paper. 

Theorem 3.1. Let be the singular Schrodinger operator defined by means 
of the boundary conditions (EH!) corresponding to a finite, non-closed G'^ smooth 
curve with regular ends which has the global Frenet frame. 

(i) The cardinality of the discrete spectrum admits the same asymptotics as in 
the case of the closed curved, i. e. 

Sad(iTa.r) =-Ca(l + ^?(e“")), (3.11) 

TT 

where 

Cc = (-Ca)'^" ■ 

(ii) Furthermore, the jth eigenvalue of Fla r has the expansion 

XjiHax) = + Xj{S) + for a -oo , (3.12) 

where Xj{S) stands for the jth eigenvalue of the operator 

S = -^- ■■ D{S) -B L\Q, L) (3.13) 

with the domain D{S) := Wq’^{0, L) fl 1U^’^(0, L). 
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Remark 3.2. One may also ask a question on a varying interaction. Of course, 
there is not a unique answer for a general case, however, admitting a varying 
coupling a = a + w(s), where a;(s) £ C'o(K) instead of a, we may expect the 
asymtotics 

=Xj{S) + 0{e^°‘) for a ^-oo, (3.14) 

where 

q — _ ^ _ 4p2(-2irQ;(s)+i/>(l)) 

ds2 4 

However, the model requires detailed analysis and further generalizations of the 
methods used in this paper. 


3.1 The proof scheme 

Dirichlet-Neumann bracketing. The asymptotics p.l2l) can not be obtained 
directly from the Dirichlet-Neumann bracketing on tubular neighborhoods of 
the curve T in the way analogous to the loop case mm. because in the lower 
bound the operator S would be replaced by the operator acting as (13.1311 but 
Neumann boundary conditions. Nevertheless, this technique is powerful enough 
to yield claim (i) of the theorem. More specifically, using the Dirichlet-Neumann 
bracketing and repeating the argument of [5] we get 

~ = Cct + Cj + (!l(e’^“), (3.15) 


where the numbers Cj satisfy the inequalities 

A,(^^)<c, <A,(5), (3.16) 

and : D{S^) = {/ G : /'(O) = f\L) = 0} ^ T^(0,L); recall 

that has the same differential symbol as S. Note that the second inequality 
of (I3.16P reproduces a right upper bound. In order to prove Theorem 13.11 we 
obviously have to replace the first inequality by a better lower bound. The 
remaining part of the paper is devoted to this problem. 

A few ideas. Let us mention three concepts we are going to use in the proof 
of Theorem 13.II The first is the observation that the properties of the discrete 
spectrum are reflected in the behavior of the eigenfunctions in the vicinity of the 
curve r. Specifically, let fj stand for the jth eigenfunction of H^x corresponding 
to Xj{Hax)- Then we have 


Aj(iLa.r) 


{Hc,xfjJj) 

II/,IP 


( ^axfxfj)^d 

m\L 


where the second one of the equalities follows from the natural embedding 
L^(]R^) D LA{Vld) in combination with the fact that fj satisfies away from T the 
appropriate differential equation: the symbol — is understood not as a self- 
adjoint operator, rather as the differential expression, —{Aaxf){x) = —{Af){x) 
ioT and / G 

The second idea is to employ a suitable ‘straightening’ transformation which 
allows us to translate the geometry of the problem into the coefficients of the 
operator. In particular, we obtain an effective potential expressed in terms of 
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the curvature of T and its derivatives. To this aim we introduce two unitary 
transformations, 

Uf = fo4>d-. 

and the other one removing the weight factor in the inner product, 

Uf = U : L^{VT,g^/^dq) ^ L^{VT,dq) ; 


we combine them denoting 

f-=UUf. (3.17) 

Since fj is by assumption the jth eigenfunction of Ha^r, in view of (12.61) we 
have g~^^‘^fj & bc(a,r). After a straightforward calculation [5], we get 

(-A„.r/„/,)n, = {{-dsh-^d, + r„ + , (3.18) 


where is defined by the differential expression 


T„ = -dt - 


— r- 
V 4 ' 


(3.19) 


and 


7^ _ Hh,s)'^ 

Ah ^ 2/i3 4/i4 


(3.20) 


Note that the above described idea was used, for example, in the context of 
waveguides, cf. [sms]. 

Finally, the third concept is to use is an approximation by functions 

vanishing on dfld- To explain why it is possible note that in view of fj € 
bc(a,r) the eigenfunctions have a logarithmic singularity at T, however, away 
from the curve they decay rapidly: relations and (12.101) show that fj (x) ^ 
e-'^3(“)l“-r| holds for x G fid \r, where Kj(a) := Aj(a). It shows, in 
particular, that fj ‘accumulates’ at the curve T as a —>■ — 00 . This suggests that 
one might get a good estimate replacing fj by suitable functions vanishing 
on dfld and relate simultaneously the transverse size of fid to the parameter a. 
To this aim we assume in the following that 


d = d(a) = e’’’“ . 


(3.21) 


Proof steps. We are going to use the described ideas in the following way: 

• We construct a self-adjoint operator W in Lf{fD^) acting as 

W = -dsh-^ds +T^ + V : D{W) -G L^(Vf) (3.22) 

with the domain D{W) consisting of the functions that satisfies Dirichlet bound¬ 
ary conditions on and g~^^'^f G bc(a, T). Our aim is to find a lower bound 
for eigenvalues of Hax in terms of W. Specifically, we are going to show that 
the following asymptotic inequality 

Aj(lF) < + 0{d-^^e-^/‘^) (3.23) 

holds. 

• The next step is to recover a lower bounds for Xj{W). Using a variational 
argument we prove that 

Aj (TU) > + A, (S) + 0{d). (3.24) 


Combining it with (13.231) and (I3.16P we obtain the claim of Theorem 13.11 










4 Approximating fj by Dirichlet functions 

For the sake of brevity we shall speak of the functions / G D{W) involved in 
the first step as of Dirichlet functions; we are sure that the reader would not 
confuse them with other objects bearing in mathematics the same name. 

We keep the notation Xj{Ha^r) = —for the eigenvalues of our original 
operator. To investigate the behavior of the corresponding eigenfunction fj we 
employ the expression 

fj = *,5r, 

where 

{Q-Kj{ay - a)uj] = 0 , (4.25) 

following from (12.1011 . For brevity again we shall write in the following shortly 
fj = G{Kj {ay)ujj ; without loss of generality we may assume that ujj is normalized 
function, i.e. ||a;jj|/ = 1. Combining (13.2111 and (13.1511 we get 

Kj{a)d{a) = Cd{a)-^ + 0{d{af) (4.26) 

with the constant C := 

4.1 Approximate orthogonality of Dirichlet functions 

Now we approximate the eigenfunctions fj by suitable Dirichlet functions. We 
set fj^ = r]fj, where rj G C^{V™) is a positive function such that 

T]{x) = 1 for a: G 

and /® is the ‘straightened’ function defined by (13.1711 . 

Lemma 4.1. Let d be given by Vd.21\) . then the following asymptotics, 

iff, fk)-D‘- = WffWv-^Sjk + Rid) as a^-oo, (4.27) 

holds with the remainder term satisfying 

|i?(d)| =Oid-^e-^/f. 

Proof. We start from the self-evident statement that 

ifjjk) = WfjfSjk = ifj,fk)Qa + ifj, fk)R^\Q,i ■ 

In view of the unitarity of the straightening transformation the first term on 
the right-hand side can be written as ifj,fk)Qd = ifj,fk)'Df' which implies 

ifh fl)^T = \\f3f^3k - ifjJk)R^\n, ■ (4.28) 

The remaining part of the argument can be divided into two parts: 

Step 1. Approximating f^ by means of f^. Consider a points G Lid and denote 
Xq ■= 4>dix). Combining the inequality \xq — r(s)| > r with (|2.8I) and (12.311 we 
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obtain 


lifjJD-DT - (/f ./f)i5-| 

= [ g^^‘^{l-r]'^)G{Kj{a))u}jG{Kkia))uJkdq 


nd p27T 


<Gi 


/d/2 Jo Jia 


G{Kj{a))ujj G{Kk{a))LiJk rdrd/sds 


c 

^ (2<^ + L) \\^j\\L^iI)\\^k\\L^(I) 

<^L\2d + L)e-^^‘^ 


d ^-(K-(a)+K^{a))r 


■ dr 


'd/2 


(4.29) 


with some constant Ci > 0. The last estimate comes from ((4.2611 and Schwartz 
inequality which gives ||u;j||ii(/) < L||a;j||/ = L for any j € 1,... ,N] we have 
also used here \Id\ = 2d + L. Combining (14.281) and (14.291) we get 


= \\f^\\v‘i^ik + \\fj\\R3\nJjk - {fj,fk)R3\Q^ + Ri{d) (4.30) 
with the remainder term satisfying 

|i?i(d)| =0(e-^/''); 


it remains to estimate the parts of (14.3011 referring to L^(]R^ \ fid)- 

Step 2. Estimates of ||//||R3\n_j. Consider the ball B — i?(r(L/2),L) of the 
radius L centered at r(L/2), the midpoint of the curve. For d small enough 
we obviously have fid C S, and consequently, we can decompose the norm 
ll/dllR3\nd as 

ll/illR3\o_j = ||//||r3\b + ll/ille/n^ ■ (4-31) 

Let us introduce the spherical coordinates {f,9,ip), where f is the radius mea¬ 
suring the distance from the ball center at r(L/2) and 9,ip are appropriate 
polar and azimuthal angles. Employing the inequality \x — r(s)| > f — L/2 for 
X \ B we. get by a straightforward computation 


ll/illR3\B — 


-«;ik-r(s)| 


e ^ 


JI At:\x — r(s) 

' 27 r /•TT poo 


■ Wj(s)ds 


E 


>0 do 


da; 

2 


L V 47 r(r-L/ 2 ) 


e-2”^(^-^/2)dfd0d^ 


< - = 0{d^ e-CL/d ^ ^ 


16 k 


(4.32) 


where we have used (I4.26|l and ||wj||Li(/) < L. The second norm at the right- 
hand side of the decomposition (I4.31|l can estimated as 


ll/alls\ad — 


'i3\Od 


g-Kj|a:-r(s)| 
47r|a; — r(s)| 




dx 


< vol(S \ fid) 


Q— 2 Kjd 


(47rd) 


2 ll^alliq/) = C>id . 


(4.33) 
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Combining (14.321) and (14.331) we get 


which together with the result of the first step yields the sought claim. □ 

4.2 Estimates for the operator W 

We also have to find how the ‘Dirichlet trimming’ influences the operator W 
defined by (13.221) . The idea of replacing the true ‘straightened’ eigenfunctions 
fj by the Dirichlet approximants is based on the fact that the contribution 
coming from 

V,:=VT\VT/2 

is asymptotically negligible. Note that, on the one hand, the operator W acts 
up to the unitary transformation UU as i/a,r on the functions supported by 
'^d/ 2 - other hand, the following two lemmata justify the just made claim 

by gauging the component coming from 'Dd- 
Lemma 4.2. The asymptotical relation 

= (4.34) 

holds for d defined by iS. 21 \} and a —oo. 

Proof. We start from an elementary Schwarz inequality estimate, 
\iWffj^)j^J<\\WffUJf^U^. 

Proceeding in analogy with Step 1 in the proof of Lemma HTTl cf. (14.291) . we get 
for the norm ||/^||^ the bound 

Next we estimate ||lP/fc^||x)^. Applying (I3.18|) we obtain 

Wf^ = = r, {-dsh-^ds +T^ + V) fl (4.35) 

+ (^-dgAid - fk ( 4 . 36 ) 

-{dg,v){dgj^) - idgj^){dg,r]) (4.37) 

3 

-‘2-^dqiddgJl, (4.38) 

i^2 

where we use the shorthands dg^ = h~‘^ds, dg^ = dr, and 9,3 = and the 
involved differential expressions have been defined in (13.191) and (13.201) . Since 
{-dsh~'^ds+Ta + V)ff{q) = XkiHa,r)fiiq) holds for q G and \r]\ is bounded 
by assumption, the norm of the right-hand-side expression of (14.351) can be 
estimated by means of \Xk{Hc,x)\^\\fk\\vf‘- Moreover, it is easy to see that the 
factor appearing in the longitudinal part of the operator satisfies h~'^ = l + 0{d) 
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and dsh ^ = 0[d) as d ^ 0, which implies \dq^dq^r]\ < constd Using 
further inequality |i9|.?7| < const d“^, z = 2,3, we can estimate the norm of the 
expression (14.3611 by means of d“'^||/||||,ex. 

Suppose that Xq G We put again Xq = 4>d(x) and denote p(q\s') := 
\xq — r(s')|. Since \dq^p\ < constd“^ we have 


e-«p 


P 


q-kp 

< const —— 

p^ 



Applying the above inequality to the expression (14.3711 and combining this with 
the fact that the quantity \dq^p\ entering (14.381) is bounded by const d“^ we get 

I'd p-2Kr / 1 \ ^ 

+C'^d-^\\u}k\\liii) —’’dr = C>(d"®e“‘^/'^) (4.39) 

Jd/2 f V ’’/ 

with appropriate constants. It completes the proof. □ 

The aim of the next lemma is to find out a lower bound for 11I I'D;!* which 
will give us a possibility to compare this norm with the small terms appearing 
in relations H.27\t and (I4.34|l . 

Lemma 4.3. Let d be given by iS.21\) . Then there exists a c > 0 such that 

||/f|||,»>cdS. (4.40) 

Proof. We inspect first the behavior of the eigenfunction fj in Combining 
the boundary conditions (12.41) and (12.61) with (14.251) we get 


fj l'r(r)= G{f^j)^j l'r(r)= + aojj + o(r), 


where the error term on the right-hand side means a function from L‘^{I) the 
norm of which is o(r) uniformly in a, cf. [10] . Consider the curve distances 
r G (0, d'^), then in view of (I3.2ip the inequality 


— Inr > —Ana 


holds for any a, in particular, for a —>■ —oo. This implies 

II/,(rw ||?> (^|^)'|KI|? + o(lnr)= (^^y-fo(lnr), ( 4 . 41 ) 

where we have used the fact that the functions ujj are normalized by assumption. 
Consequently, for d small enough we can estimate 

I'd-' 

WWIt ^ / ll/^^rw ||?rdr >cdS + o(dS), 

0 

where c is a positive constant. □ 


12 























(4.42) 


Combining the asymptotics (14.271) with the bound (14.401) we obtain 

+ W\\vT\\fk\WlR^{d), 

where 

i?2(d) = ; 

on the other hand, a combination of (14.341) with (14.401) yields 

(4-43) 

where 

i?3(d) = . 


5 Eigenvalues of W 

In this section we are going to conclude the proof of Theorem 13.11 by demon¬ 
strating the inequalities (13.231) and (13.241) . 


5.1 A lower bound for Ha^v in the terms of W 

Our first aim is to derive ineoualitv (13.231) in a wav nartiallv insnired bv m- 
Lemma 5.1. Let d be given by SS.21\} . then for a —oo we have 

Aj(IT) < A, (ila.r) + C>(d-i®e-^/'^). (5.44) 

Proof. Fix a number k gN. According to the minimax principle we have 

(W /, f)T>^^ 

Afc(IV)=sup inf / // ^ , feD{W), (5.45) 

where Sk runs through {k — l)-dimensional subspaces of (~l D{W). It 

follows from Lemma O that the functions are linearly independent 

for all d small enough, and consequently, at least one of the function from each 
admits the decomposition 




1=1 


hj G C, 


which means that 


inf 





iWh, h)x><^ 

~ ||h|||,ex 


(5.46) 


Using next the fact that {Wflf){q) = \k{Ha,T)fk{q) holds for any q G 
together with the asymptotic relations ()4.43l) and (14.421) we get 


{Wh, h)'psx 


k 


k 


^ A,(i7„,r) ll/f ^ h.h, S.,{d), 

i=i *j=i 


where 

S^d) := ll/f Ibedl/f Ibr (A,(ila.r)i?2(d/2) +i?3(d)) • 


(5.47) 
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Consequently, using (I4.26L (I4.34L (13.111) and (I3.15L we can estimate the last 
term of (15.471) as 


^ h,hjS,j{d) < fc(|Afe(i7„,r)-R2(d/2)| + |i?3(d)|) ^ 




ij'=l 


= R4{d)J2\h^ 




(5.48) 




where 

Riid) = 0{d-^^e-^^‘^). 

This yields 

k 

(lT/i,h)pex = ^ (A,(i7„.r) + 0{d-^^e-^/^)) |h,f||/f |||,» . (5.49) 

i=i 

In the analogous way we can get an asymptotic expression for the norm, 

k 

WHIt = E (1 + Oid-^^e-^/-^)) |||,ex . (5.50) 

i=i 

Combining now the relations (15.481) and (I5.50|l . taking into account (15.451) and 
(15.461) . we arrive at the desired result. □ 

5.2 A lower bound for W 

Finally, we are going to prove (13.241) . It will be done in two steps. 

An auxiliary lower bound. Our first aim is to show 

\j{W)>i^ + X,iST) + Oid), (5.51) 

where 

■■ ^ L\I,). 

To prove this statement we recall that the operator W is defined as 

W = -dsh-^ds +T^ + V : D{W) ^ T"(Pr), 

where the functions / G D{W) satisfy Dirichlet boundary conditions on dV^ 
and G bc(a,r). In particular, those functions are continuous away 

from r. Given an s G [—d,L + d] we denote by fs G L'^(Bd) the ‘cut’ func¬ 
tion, fs{r,ip) := f{s,r,(p) where / G D{W) C Operator can 

be decomposed into a direct integral, r„ = ^^(s) ds, on Lp‘{'D'^) = 

/E L+d] ds. In other words, for any s G [0,L] the operators Tq(s) act 

as 

Tc{s)fs = {-dl - r-^dl - fs : (5-52) 

where fs G bc(a, r = 0) and fs satisfies Dirichlet boundary conditions on 
dBd- Furthermore, for s G [—d, 0) U (L,L -I- d] operators Tq,(s) act as (I5.52L 
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however, functions from their domains are regular at the origin as the point 
interaction is absent at the extended parts of the curve. Of course, they still 
satisfy Dirichlet boundary conditions on dBd- For a fixed s € [—d,L + d] we 
denote by v{s) the lowest eigenvalue of Ta{s). Using the results of [SI Lemma 3.6] 
we conclude that 


v{s) = .Ja + 0(d for s G [0,L], 


and 

v{s) >0 for s G [—d, 0) U {L, L + d] . 

Suppose that i/; G D{W) is normalized, = 1. Using (13.2011 together with 

the above inequalities we get 

> dsh-'^ds +{v^,'ip)T>f^ + 0{d) 

> +Ca + 0(d). (5.53) 

Using now the minimax principle in combination with the result of [12] we arrive 
at (11311). 

Estimates for eigenvalues of S’^. The change-of-variable transformation 


s -G 


L 

L + 2d 


(s + d) 


turns into the operator acting in L^{I) as 


^d = - 


2 d^ 1 


where 7d(s) = 7^^ ^ L+ 2 d ■*" ^)) ■ construction we have 


Moreover, since \^d — 7| = 0[d) we get 

7 = -(i + o(<i))^-L, 

which in view of (I5.54|) implies 


\,{ST) = \AS)dO{d). 


(5.54) 


(5.55) 


Combining this relation with (15.5111 we arrive at the sought lower bound (13.2411 . 
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